Doubly stochastic powers of nonnegative irreducible matrices  by Muoneke, n'Ekwunife
Doubly Stochastic Powers 
of Nonnegative Irreducible Matrices 
n’Ekwunife Muoneke 
Benjamin Banneker Honors College 
Prairie View A&M University 
P.O. Box 125 
Prairie View, Texas 77446 
To my dearest mother, Uduoyibo. 
Submitted by Dianne P. O’Leary 
ABSTRACT 
We consider a nonnegative irreducible matrix A in Perron-Frobenius-Wielandt 
normal form with nonzero blocks only for (i, i + 1) entries. We denote such en- 
tries by Ai, i = 1,2, . , h. A necessary and sufficient condition for AP to be 
doubly stochastic is that each Ai is cyi/cyi+i row-stochastic and &/pi+, column- 
stochastic, indices mod h, where cyi, &,i = 1,2,3,. . , h, are some real positive 
numbers. We have (~~/cyi+l)(ph-i+l/ph-i) = ni+i/qi, where Ai is ni x ni+l. 
1. INTRODUCTION 
DEFINITION 1.1. An m x n nonnegative matrix A = (aij) is P-stochastic 
if it has the property that 
n 
c aij = P, i=1,2 ,..., m. 
j=l 
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If A is an irreducible matrix, there is a permutation matrix P such that 
-0 A1 0 0 ... 0 - 
0 0 A2 0 ... 0 
PAPT 0 0 0 A3 ... 0 = 
. . 7 (1) . . . . 
0 0 ... 0 ... A;_l 
_Ah 0 ... 0 ... 0 _ 
a Perron-Frobenius normal form [2, pp. 53-571 of A. Using this form 
London [3] showed that if p is an integer greater than 1 and H a cyclic 
permutation (1,2,. . , h), so that 
HP = C,C,C,...C,, (2) 
a product of disjoint cycles, then A is not stochastic, while AP is stochastic 
if and only if 
(1) 
(11) 
A is cyclic of index h, and the greatest common factor of h and p, 
denoted by (h, p), is greater than 1. 
There exist positive numbers pi, i = 1,2,. . . , h, such that the nonzero 
blocks of the matrices Ai appearing in the Perron-Frobenius form (1) 
of A are respectively &/pi+1 (stochastic); the subscripts of ,O, are 
mod h. These pi’s fulfill the following two conditions: 
(a) they are not all equal; 
(b) every two numbers with indices belonging to the same cycle in 
(2) are equal. 
THEOREM 1.2 [I]. Let A be a nonnegative n x n matrix, and NA any 
matrix in the form of (l), w h ere A = PNAP~. Then A is irreducible if and 
only if A has no zero row or column and B = AlA2. . . Ah is irreducible. 
The above theorem holds if B = AlAz.. ‘Ah is replaced for any i = 
1,2,3, . . . , h by 
THEOREM 1.3 [2, P. 811. If A 2 0 is irreducible and A4 is reducible 
for some q, then A4 is completely reducible; that is, A’J can be represented, 
by means of a simultaneous permutation of rows and columns, in the form 
ofadirectsumofA1,Az,... , & which are irreducible matrices having one 
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and the same maximal eigenvalue. Here, d is the greatest common divisor 
of q and h, where h is the index of imprimitivity of A. 
COROLLARY 1.4 [2, P. 821. If A is imprimitive (i.e., h > 1) with index 
of imprimitivity h, then Ah decomposes into a direct sum of h primitive 
submatrices (i.e., index l), each with the same maximal eigenvalue. 
Hence, A,, i = 1,2,. . , h, are irreducible if and only if PN*PT is ir- 
reducible. They are each primitive, with the same maximal eigenvalue. 
[This fact will b e very useful in determining the relation between NAP and 
(NA)~. We can apply the conditions of London directly to NAT, but not 
to (N,J)~. Corollary 1.4 will be used to overcome this limitation.] 
2. RESULTS 
THEOREM 2.1. If A is a nonnegative irreducible matrix, and NA is 
a Perron-Frobenius normal form of A with index of imprimitivity h, then 
Ai(3) has no zero row or column. 
Pro0 f. 
Each 2, is primitive, and for each i, Ai has eigenvalue rh, where r is the 
dominant eigenvalue of NA. By the Perron-F’robenius theorem [2], corre- 
sponding to rh, Ai has a positive eigenvector IC. Hence Ai contains no zero 
row. But 
Each AT is primitive, and has the same eigenvalue rh. Again, correspond- 
ing to rh, AT has a positive eigenvector y. Hence AT has no zero row. Thus 
A, has no zero column. n 
THEOREM 2.2. If the block sums of W are arranged in any slope 1 
arrangement of permutation blocks of submatrices, with all zeros outside the 
permutation blocks Pkl, k, 1 = 1,2, . . . , h, each of which has the appropriate 
dimensions for multiplication with the blocks of NAT as in (l), then 
WNA*WT = (NA)T. 
The converse also holds. 
(4) 
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Proof Let rni x m+_l be the dimensions of the blocks Bi in NAT, and 
Q x ~+l the dimensions of the blocks A, in NA. Since 
-0 Al 0 0 ... 0 - 
0 0 A2 0 ... 0 
A=PT i i . . . . P, 
0 0 ..’ 0 Ah_2 0 
0 0 .‘. 0 0 Ah-1 
_Ah 0 ... 0 0 0 _ 
(5) 
We have 
0 0 0 ... A; 
AT 0 0 ... 0 
AT = PT P, 
0 A; 0 ... 0 
. . . . ‘. . . . . . 
0 . . 0 A;-‘_, 0 
-0 B1 0 0 ... 0 - 
0 0 B2 0 ... 0 
0 0 0 ... 0 
AT = QT . . Bs Q. ‘. . . . . . : . . . . . 
0 0 ... 0 0 h--l 
_Bh 0 ... 0 0 0 _ 
Therefore, 
- 0 BI 
0 0 B2 0 ... 0 
0 0 
_Bh 0 ... 0 0 
where W = PQ T is clearly a permutation matrix. We have , 
WN,T = (NA)TW. (6) 
Since the main diagonal zero blocks of NA are squares, we may suppose 
that they are of dimension nl, nz, . . , nh in order. Hence each Ai in NA is 
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ni x ni+l(modh), where 
eni = 12. 
i=l 
Similarly, let the zero main diagonal square blocks of NAT be of dimensions 
ml, m2,. . , mh in order. Hence each & in NAT is mj x mj+l(modh), where 
mi = n. 
i=l 
The blocks in W can be subdivided so that each block PQ has dimension 
n%xmj,i=1,2 ,..., h,j=1,2 ,..., h. n 
Clearly, 
From (4) we obtain 
P,,j-lBj-lP; = 
AT-, if Ic=i-1, 0 
j=l 
if k#i-1, (8) 
and using (6), we obtain, 
Pi,j_lBj_l = AF+,Pi_l,j. (9) 
By (8), there is some Ic such that Pi,k_1Bk_1P,T_1,k # 0. Therefore, 
+ C Pi,?-lBj-lE-l,j+l = AEl, 
j=k+l 
and 
k Pi,j-~B~-~P~j = 0 for tfi-1. 
j=l 
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We will now show conversely that any solution of PNATP* = (NA)~ 
will be of the form of IV. We have 
pi+~,~B~B~+l = ATPi,j+lBj+l = ATAT_lPi-,,j+2. 
Proceeding inductively, we obtain 
Pi+l,jBjBjBj+lBj+z . . Bj-1 = AT__lA,T_, . . . ATA,T_, . . . 
AT ATAT. 1 h h-l...A?++1Pi+l,j, 
PijBjBj+l. . . Bj_l = A;_1AT_2.. ATI>,,-. 
By Theorem 2.1, BjBj+l.. . Bj-1 and Ar_lAT_2.. .A: have no zero row 
and no zero column, and hence, by Corollary 1.4, both are primitive. Sup- 
pose by Pij # 0 for some fixed i, j. Then BjBj+l. . Bj-1 has a dominant 
positive eigenvalue r and positive eigenvector x corresponding to r. Hence, 
AT__, . ..ATPijx = Pijrx = r(P%jx). By Corollary 1.4, T is the common 
eigenvalue of &r, and Pi,x > 0. Hence, each Pij has a 1 in each row. 
Similarly, if y* > 0 and yTAr__l . . AT = r’yT, then 
yTP,jBjBj+l...AT =r’y*. 
Again, yTPij > 0, and Pij has a 1 in each column. Thus Pij is a per- 
mutation matrix whenever Pij # 0. (Also, we note that r = r’, since 
yTPijBjBj+, ... Bj-IX = r’yTPijx, i.e., ryTPijx = r’yTPijx. Since 
y*Pijx # 0, we obtain r = r’). 
We now proceed to find the structure of W. Suppose we pick Pl,jl # 0. 
Then it is a permutation matrix. Prom (9) we obtain 
Pl,jiBjiPh,j,+l = A;. 
Thus Ph,ji+l # 0 and therefore is also a permutation matrix. 
Note that 
which implies that 
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Again, F’_i,j+i # 0 is also a permutation matrix. Thus, W is of the form 
0 o...o 0 Pl>j 0 
0 0 ..’ 0 PZ,j_1 0 0 
. . 
‘. . 
. . . 
PO..' 0 0 
;;lo.. . 0 0 
. 
. 
00.. . 0 0 
o...o 0 
o...o 0 
0 00 . . . 
0 “’ 0 Pi+l,h 
00.. . 0 ph,j+l 0 .‘. 0 0 
(10) 
This recursive process partitions W into blocks of permutation matrices. If 
we choose the block in the (i, j) position to be nonzero, then the blocks in 
the (i - 1, j + 1) and (i + 1,j - 1) positions are also permutation matrices. 
Since all such blocks are necessarily square, we must have that ni = rnj for 
each PQ # 0. 
THEOREM 2.3. Let Bi and Ai be as defined in (6) for NAP and NA. 
For some positive integer p, AP is doubly stochastic if and only if there are 
positive numbers ,&, ,&I,. . . , ph and (~1, a~, . . , ah such that Bi is pi/pi+1 
stochastic and Ai is ax/ai+l stochastic. 
Proof. By London, there exists a positive integer q for which Ni is 
stochastic if and only if there are positive numbers (~1,. . . , ah such that 
A, is oi/ai+i stochastic. Likewise Ni T is stochastic if and only if there 
are positive numbers pi, . . ,,L& such that Bi is flt/pi+r stochastic. If p is 
any common positive multiple of q and s, then the above two statements 
are also true for Nz and NiT. Let D, be the set of all n x n nonnegative 
stochastic matrices. Let 52, be the set of all n x n nonnegative doubly 
stochastic matrices. 
Let W be a permutation matrix of the form (10). Then WN~,WT 
= (N:)*. Since Nz E 0, if and only if N:, (Nz)T E D, we have Nz E 0, 
if and only if Nz and N:, E D,. This holds if and only if there are 
,o!h and pi,... 
;:i&i stochastic. 
,/?h such that Ai is oi/‘oi+i stochastic and Bi is 
W 
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COROLLARY 2.4. Let ct%,/3i be as in Theorem 2.3. Then 
%/%+I nifi 
=- 
Ph-i/Ph+l-i ni ’ 
where ni x ni+l is the dimension at Ai (that is, for each Ai, the ratio of 
the row-stochastic number to the column-stochastic number is equal to the 
ratio of the number of columns of Ai to the number of rows of Ai). 
Proof. Choose a W as obtained. Ai has column-stochastic number 
PjlPjfl, since the Bj are &/Pj+l row stochastic for some j. Since Bj 
has dimension mj x mj+l = nh+l_j x nh-j, it follows that ml = nh, 
m2 = n&l, m3 = nh-2,. . . , mh = nl. Hence Bj corresponds to AT_j or 
AT corresponds to Bh-i, The sum of the elements of Ai is 
Hence CU~/@~_, = ni+l/ni. n 
Deepest gratitude to the referee of this paper for positive criticisms and 
corrections. 
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